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ABSTRACT 
Purpose: To demonstrate that relatively simple third-order theory can provide a framework 
which shows how peripheral refraction can be manipulated by altering the forms of spectacle 
lenses. 
Method: Third-order equations were used to yield lens forms that correct peripheral power 
errors, either for the lenses alone or in combination with typical peripheral refractions of 
myopic eyes. These results were compared with those of finite ray-tracing. 
Results: The approximate forms of spherical and conicoidal lenses provided by third-order 
theory were flatter over a moderate myopic range than the forms obtained by rigorous 
raytracing. Lenses designed to correct peripheral refractive errors produced large errors when 
used with foveal vision and a rotating eye. Correcting astigmatism tended to give large errors 
in mean oblique error and vice versa. When only spherical lens forms are used, correction of 
the relative hypermetropic peripheral refractions of myopic eyes which are observed 
experimentally, or the provision of relative myopic peripheral refractions in such eyes, seems 
impossible in the majority of cases. 
Conclusion: The third-order spectacle lens design approach can readily be used to show trends in 
peripheral refraction. 
Keywords: myopia correction; peripheral refraction; third-order theory 
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INTRODUCTION 
There is considerable interest in preventing, arresting or slowing myopia progression 
in children. One way of achieving this may be by producing a peripheral refraction which is 
relatively myopic. This idea arose from the work of Hoogerheide et al. who found that young, 
emmetropic pilots who had peripheral hypermetropia tended to develop myopia, while those 
who had peripheral myopia tended to stay emmetropic1. There is experimental evidence in 
monkeys that the peripheral refraction can drive the development of myopia and that myopic 
peripheral refractions slow growth of young eyes2-4. 
The refractive treatments of orthokeratology and laser refractive surgery will produce 
peripheral myopic refractions for myopes5-9. Spectacle  and contact lenses can also be 
designed to achieve this10, and recently patents for “anti-myopia” lenses have appeared11-15. 
These involve extensions of treatments which have been previously applied to the reading 
portion of bifocal or progressive addition lenses, eg16-18, to provide additional positive power 
in the lens periphery. Some studies have shown reductions in eye growth and lower rates in 
myopia progression with orthokeratology19,20 and specially-designed spectacle21 and contact 
lenses22.  
 The purpose of this paper is not to the discuss the merits or success of the introduction 
of relative peripheral myopic refraction in preventing, arresting or slowing myopia 
progression, but to provide a framework to explain how peripheral refraction can be 
manipulated by altering the forms of spectacle lenses. The approach relies on relatively 
simple, third-order theory to determine off-axis power errors of thin spectacle lenses23-26. The 
assumption that negative lenses for myopic correction are thin is reasonable, as their central 
thicknesses are usually less than 2.0mm. The third-order theory is based on tracing paraxial 
chief rays passing through an “effective stop”, and applying the Coddington tangential and 
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sagittal refraction equations about these chief rays.  Binomial expansions are applied to sines 
and cosines and surface curvatures in terms of surface heights and distances, and terms 
greater than the second-order in height are disregarded. It will be shown that, although third-
order theory does not always lead to results which agree precisely with those obtained by 
finite ray-tracing, it provides valuable insights into the general problems of manipulating 
peripheral refraction with spectacle lenses, and a firm foundation for more detailed analysis 
of specific situations.  
 
BASIC THIRD-ORDER EQUATIONS 
This section shows equations that can be used for eliminating or minimizing third-
order oblique astigmatism and mean oblique error of thin spectacle lenses separate from the 
eye, except for the eye providing the effective stop position.  Figure1 shows the setups for 
third-order raytracing  with respect to foveal vision of the rotating eye and peripheral vision 
of the stationary eye. 
 
General Equations 
The third-order theory sagittal and tangential image vergences S’ and T’ of thin lenses 
with conicoidal surfaces are given by 
S’ = L + K + y2P 
T’ = L + K + y2M          (1) 
where y is the height of the off-axis chief ray, L is the on-axis object vergence, K is lens 
power,  and P and M are given by23 
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ܲ ൌ ௄௡ሺ௡ିଵሻమ ൜ܭଶଶ
ሺଶ௡ାଵሻ
ଶ ൅ ܭଶ
ି௄௡ሺ௡ାଶሻାଶ௅మᇲ൫௡మିଵ൯
ଶ ൅
ሾ௄௡ି௅మᇲሺ௡ିଵሻሿమ
ଶ ൠ ൅
ொభሺ௄ି௄మሻయାொమ௄మయ
ଶሺ௡ିଵሻమ  
                      (2a) 
ܯ ൌ ௄௡ሺ௡ିଵሻమ ൤ܭଶଶ
ሺସ௡ାହሻ
ଶ ൅ ܭଶ
ି௄ሺ௡ାଶሻమାଶ൫ଷ௅మᇲାଶ௅൯൫௡మିଵ൯
ଶ ൅
௄మ௡ሺ௡ାଶሻ
ଶ െ ܭܮଶᇱሺ݊ െ 1ሻሺ݊ ൅ 2ሻ െ
ܭܮ݊ሺ݊ଶ െ 1ሻ ൅ ௅మᇲ
మሺଶ௡ାଵሻሺ௡ିଵሻమ
ଶ ൅ 2ܮଶᇱܮሺ݊ െ 1ሻሺ݊ଶ െ 1ሻቃ ൅
ଷൣொభሺ௄ି௄మሻయାொమ௄మయ൧
ଶሺ௡ିଵሻమ             (2b) 
Here n is lens refractive index, K2 is back surface power, L2’ is the inverse of the distance 
from the lens to the effective stop, and Q1 and Q2 are front and back surface asphericities (Q1 
= Q2 = 0 for a lens with spherical surfaces) where lens surface sagitta are described in terms 
of asphericity Q, height and vertex curvature c by 
ݖ ൌ ௖௬మଵାඥଵିሺଵାொሻ௖మ௬మ          (3) 
Sagittal and tangential power errors are given by  
S’ = y2P 
T’ = y2M            (4) 
 Oblique astigmatism OA is given by 
T’ – S’= y2(M – P)                    (5a) 
which from equations (2) is 
ܱܣ ൌ   ௬మ௄௡ሺ௡ିଵሻమ ቄܭଶଶሺ݊ ൅ 2ሻ ൅ ܭଶሾെܭሺ݊ ൅ 2ሻ ൅ 2ሺܮଶᇱ ൅ ܮሻሺ݊ଶ െ 1ሻሿ ൅ ܭଶ݊ െ 2ܭܮଶᇱሺ݊ െ
1ሻ െ ܭܮ݊ሺ݊ଶ െ 1ሻ ൅ ܮଶᇱଶ݊ሺ݊ െ 1ሻଶ ൅ 2ܮଶᇱܮሺ݊ െ 1ሻሺ݊ଶ െ 1ሻൟ ൅ ݕଶ ொభሺ௄ି௄మሻ
యାொమ௄మయ
ሺ௡ିଵሻమ        (5b) 
Mean oblique error (MOE) is given by 
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MOE = (T’ + S’)/2  (L + K) = (T’ + S’)/2      (6) 
which from equations (2) is 
ܯܱܧ ൌ ௬మ௄ሺ௡ାଵሻଶ௡ሺ௡ିଵሻమ ሼ3ܭଶଶ ൅ ܭଶሾെܭሺ݊ ൅ 2ሻ ൅ 2ሺ2ܮଶᇱ ൅ ܮሻሺ݊ െ 1ሻሿ൅ܭଶ݊ െ ܭሺ2ܮଶᇱ ൅ ݊ܮሻሺ݊ െ
1ሻ ൅ ܮଶᇱሺܮଶᇱ ൅ 2ܮሻሺ݊ െ 1ሻଶሽ ൅ 2ݕଶ ொభሺ௄ି௄మሻ
యାொమ௄మయ
ሺ௡ିଵሻమ                      (6b) 
 
Solutions for spherical lenses 
Solutions for the back-surface powers that eliminate OA and MOE are given by 
equating the right-hand sides of equations (5b) and (6b) to zero and setting Q1 and Q2 to be 
zero. This gives quadratic solutions in back surface power K2 of the form 
ܭଶ ൌ ି௕േ√௕
మିସ௔௖
ଶ௔            (7) 
where a is the combination of terms in ܭଶଶ, b is the combination of terms in ܭଶ, and c is the 
combination of other terms in the right hand sides of either equation (5b) or (6b). Limits for 
the powers over which OA or MOE can be eliminated are found by equating the discriminant 
in equation (7) to zero, ie ܾଶ െ 4ܽܿ ൌ 0. This in turn leads to solutions to power limits over 
which OA or MOE may be eliminated given by  
ܭ ൌ ି௕ᇲേ√௕ᇲమିସ௔ᇲ௖ᇲଶ           (8) 
where a’ is the combination of terms in ܭଶ, b’ is the combination of terms in K, and c’ is the 
combination of other terms. For OA 
ܽᇱ ൌ ሺ݊ ൅ 2ሻሺ2 െ 3݊ሻ 
ܾᇱ ൌ  െ4ሺ݊ ൅ 2ሻሺ݊ െ 1ሻଶሾܮଶᇱ െ ܮሺ݊ ൅ 1ሻሿ 
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ܿᇱ ൌ 4ሺ݊ െ 1ሻଶሾܮଶᇱ െ Lሺ݊ ൅ 1ሻሿଶ        (9) 
and for MOE 
ܽᇱ ൌ ݊ଶ െ 8݊ ൅ 4 
ܾᇱ ൌ  െ8ሺ݊ െ 1ሻଶሺܮଶᇱ െ ܮሻ 
ܿᇱ ൌ 4ሺ݊ െ 1ሻଶሺܮଶᇱ െ ܮሻଶ                             (10) 
For completion, the solutions that minimize OA and MOE outside the power limits given by 
equation (8) are found by equating the derivatives of equations (5b) and (6b) in K2 to zero. 
This gives, for OA  
ܭଶ ൌ ௄ଶ െ
൫௅మᇲା௅൯൫௡మିଵ൯
ሺ௡ାଶሻ                   (11) 
and for MOE 
ܭଶ ൌ ௄ሺ௡ାଶሻ଺ െ
൫ଶ௅మᇲା௅൯ሺ௡ିଵሻ
ଷ                   (12) 
 
Solutions for Aspheric Lenses 
When lenses are aspheric as conicoids (i.e. Q1 and Q2 are non-zero), the equations 
(5b) and (6b) are cubic in K2, which means that lens forms can always be found that eliminate 
OA and MOE with one to three solutions in K2 for any power K and combination of surface 
asphericities. Other possible forms of rotationally-symmetric surface which might be 
produced by freeform technology will not be considered here. 
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EFFECT OF DISTANCE BETWEEN THE LENS AND EFFECTIVE STOP ON 
POWER ERRORS 
Third-order solutions for the elimination of OA and MOE, also sometimes referred to 
as point-focal and Percival forms24 respectively, are shown in Figure 2. These are for 
spherical lenses and take the form of oblique ellipses known as Tscherning ellipses. Here the 
following parameters are used: a distant object (i.e. L = 0), a refractive index n = 1.5, and 
distances between the lens and effective stop of 15 mm and 27 mm (L2’ = +37.04 D and 
+66.67 D, respectively). 
Solutions for a distance of 27mm form the small ellipses in Figure 2. This distance 
applies to the foveal vision situation, in which an eye rotates behind the lens to look at objects 
viewed through the periphery of the lens (Figure 1a). The effective stop center is the center-
of-rotation of the eye. The 27 mm distance consists of the vertex distance, taken as 12 mm, 
and the distance from the anterior cornea to the eye’s center-of-rotation, taken as 15 mm. The 
MOE solutions have wider power limits than the OA solutions. The ellipses have major axis 
slopes of 1/2 and (n + 2)/6 = 0.58 for OA and MOE, respectively. Limits to lens power are –
22 D to +7 D for OA and –23 D to +10 D for MOE, outside of which the aberrations can be 
only minimised. Each ellipse has a flatter set of solutions known as the Ostwalt forms (top 
halves of ellipses) and a steeper set of solutions known as the Wollaston forms (bottom 
halves of ellipses).24  
The distance of 15 mm corresponds to peripheral vision for the stationary eye (Figure 
1b). Because the eye is no longer rotating about the center-of-rotation, 27 mm behind the 
lens, the effective stop is now the entrance pupil of the eye, taken to be 3 mm inside the eye 
and 15 mm from the lens. For this smaller distance, the ellipses are larger with solutions 
which are steeper in shape. For peripheral vision, only the Ostwalt solutions would seem to 
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be practical, but these are 4 to 6 D steeper than the foveal solutions in the range –10 D to +5 
D. As an example, a –4D lens requires a –15.5 D back surface to eliminate OA. 
 
ACCURACY OF THIRD-ORDER THEORY WITH NEGATIVE LENSES FOR THE 
STATIONARY EYE 
This section is included to show the limitations of the third-order theory with respect 
to design of spectacle lenses. 
For an image angle ' subtended at the eye of 35, the height obtained by replacing 
the sine of the angle by the angle itself is 9.2 mm (y = 'L2’). Third-order errors for –4 D thin 
lenses at this height were compared with finite raytracing for the case where ' is 35 and lens 
center thickness is 1.5 mm. The finite raytracing was done using the optical design program 
Zemax. For a back-surface power of –8 D, the third-order power errors are T ’= –0.79 D and 
S’ = –0.14 D while the accurate values are T’ = –0.63 D and S' = –0.03 D. Thus, the 
third-order results are slight overestimates. The Ostwalt third-order solution for OA has a 
back-surface power of –15.5 D with T’ = S’ = +0.18 D, for which the real errors are T’ = 
+0.25 D and S’ = + 0.22 D. Eliminating OA accurately requires a slightly flatter back-
surface power of –14.7 D. The agreement between third-order and accurate solutions 
improves as the image angle ' decreases. 
Figure 3 shows third-order and real Ostwalt solutions for oblique astigmatism in the 
range –10 D to –1D, demonstrating that the real solutions are flatter than the third-order 
solutions for powers more negative than about –3.5 D. The real solutions move closer to the 
third-order solutions as the angle is reduced from 35º (not shown). The real solutions are very 
steep for powers less negative than –3 D, but inaccuracies  occurring for third-order solutions 
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at such powers are low,  e.g. the third-order, astigmatism-free solution for –2 D power is K2 = 
–14.8 D (Figure 3), for which the actual oblique astigmatism at 35 is –0.xx D rather than 
zero. 
 
ROTATING EYE ABERRATIONS WHEN PERIPHERAL REFRACTION IS 
CORRECTED 
Figure 4 shows the example of the -4D lens in which the back surface power of –15.5 
D corrects oblique astigmatism for peripheral vision (stationary eye). As mentioned above, 
the S and T power errors are small at +0.18 D each. If this lens is used with the rotating eye 
(foveal vision), the errors are higher at 35 (16.5 mm height): S’ = +0.29 D, T’ = 0.65 D. 
Errors for the rotating eye are greater with increase in power, e.g. the corresponding –6 D 
form has S’ = +0.44 D, T’ = +1.01 D. 
As an alternate or addition to altering the surface powers, the surface asphericities 
may be manipulated. An example of this is shown in Figure 5, where the back surface power 
of a –4 D lens is only –6 D, and an asphericity Q2 –9 has been applied to the back surface to 
correct oblique astigmatism. Again the S and T power errors are small for peripheral vision, 
but the errors are very high for foveal vision eg S’ = 1.3 D, T’ = +3.6 D at 35 rotation. 
 
MODIFYING EQUATIONS TO OBTAIN SOLUTIONS THAT INCLUDE THE EYE  
The off-axis power errors of lenses for the rotating eye and foveal vision can be 
considered in isolation from the eye, apart from the eye providing the effective stop. 
However, the power errors in peripheral vision cannot be considered in isolation from the 
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eye, as this has its own peripheral power errors that are influenced by the retinal surface 
shape. The peripheral refractions due to the lens and the eye can be combined if the latter are 
known. In what follows, data fits are used from the Figure 4 of a study of peripheral 
refractions of young adult myopes27. To simplify matters, only the horizontal meridian is 
considered and asymmetries about fixation are ignored. For an off-axis peripheral angle ’ 
and an on-axis correction of K, the relative spherical equivalent refraction M(K)  and the 
peripheral (crossed-cylinder) astigmatism J180(K) for the study were given by  
J180(K) = –(0.000023K + 0.000977)’2      (13a) 
M(K) = –(0.000206K + 0.00027)’2        (14a) 
Here ’ is in degrees. Converting to radians gives 
J180(K) = –(0.0755K + 3.207)’2       (13b) 
M(K) = –(0.676K + 0.886)’2        (14b) 
The peripheral refractions for the combined lens and eye are given by 
J180 = J180(K) – (T – S)/2        (15a) 
M = M(K) – MOE         (15a) 
or  
J180= J180(K) – y2(P – M)/2        (16b) 
M = M(K) – y2(P + M)/2        (16b) 
The first negative sign in each of these equations is required because the power errors of the 
lens need to be reversed to give a refraction. [For the vertical meridian, different constants 
  Page 
12 
 
   
would be used for equations (13) and (14) and the first signs in equations (15) would be 
positive.]  
For a spherical lens, the solutions for K2 in equation (7) in order to correct J180 or M 
need to be modified. The coefficients a, b and c as given in equation (6b) become, replacing 
’ from equations (13) and (14) by ݕܮଶᇱ, for OA  
ܽכ ൌ ܽ 
ܾכ ൌ  ܾ 
ܿכ ൌ ܿ ൅ ଶ௡ሺ௡ିଵሻమ௅మᇲ
మሺ଴.଴଻ହହ௄ାଷ.ଶ଴଻ሻ
௄        (17) 
and for MOE 
ܽכ ൌ ܽ 
ܾכ ൌ  ܾ 
ܿכ ൌ ܿ ൅ ଶ௡ሺ௡ିଵሻమ௅మᇲ
మሺ଴.଺଻଺௄ା଴.଼଼଺ሻ
௄ሺ௡ାଵሻ                   (18) 
 
PERIPHERAL REFRACTION SOLUTIONS INCLUDING THE EYE  
 There are no solutions for M when equations (14) are used, and so solutions are 
shown where the rate of change of the relative spherical refraction M(K) with on-axis 
refraction has been reduced by 40% from –0.000206 * off-axis angle squared (in degrees2 ) to 
–0.000124 * off-axis angle squared (in degrees2 ) (Figure 6). Equation 14(a) and 14(b) 
become 
M(K) (degrees) =  –(0.000124K + 0.00027)’2      (14c) 
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M(K) (radians) = –(0.407K + 0.886)’2       (14d) 
These results suggest that it generally difficult to achieve correction of M, or even 
myopic over-correction (when M is negative) with spherical lenses unless an individual 
patient has low initial levels of relative peripheral hypermetropia. 
The solutions work in the opposite directions for J180 and M (or OA and MOE), with 
a change in the lens form that reduces one of them usually making the other worse. For 
example, starting out at a conventional back surface power of a lens (eg K = –4 D, K2 = –6 D) 
and then making the lens steeper will reduce the positive value of M but increase the 
negative value of J180 (Figure 6). 
Again, a lens of conventional form could have one or both surfaces aspherized (Figure 
7). The combination K = –4 D, K2 = –6 D, Q2 = +17 eliminates J180 but has M of +3.4 D at 
35 which is much higher than the predicted value for the unaided eye of +0.68 D. Similarly 
the combination K = –4 D, K2 = –6 D, Q2 = –19 eliminates M, but has J180 of –1.3 D which 
is slightly higher than the predicted value for the unaided eye of –1.08 D. 
 
DISCUSSION 
It is clear that the two approaches analyzed here, in which the eye either rotates 
behind the lens to view an object (foveal case) or, alternatively, always maintains fixation 
through the lens center and turns the head to view objects (peripheral case), are extreme 
examples of what normally happens during spectacle lens wear, when different objects are 
viewed as result of a combination of head and eye movements. It is interesting to note that 
Wollaston’s introduction, in 1804, of his “periscopic spectacles”, which had been designed to 
maximize the field of clear vision as the eye rotated behind the lenses, was challenged by the 
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London optician, Jones, with the remark “For what reason has man his head moveable? Was 
it not that he should place his eyes directly before the subject to be viewed ….”28  It is, 
however, difficult for most people to accurately fixate a succession of objects at different 
field positions through head movements alone, so that the full benefits of solutions such as 
that illustrated in Figure 6, where the peripheral errors of the eye are compensated by those of 
the lens, may be difficult to achieve. Presbyopes must adapt to progressive-addition lenses by 
relying on head movements more than without the lenses, but it remains to be seen whether 
children who are at risk of developing myopia can similarly adapt to lenses for the correction 
of peripheral vision or will find such spectacles unacceptably restrictive (see last paragraph). 
The variations that occur in practice in the vertex distance at which the lenses are worn (i.e. 
in the value of L2’) and in the lens refractive index will have some impact on the effects 
produced by different corrections. 
With these caveats, this study has derived and presented third-order equations that 
yield lens forms that correct peripheral power errors, either by themselves or in combination 
with myopic eyes. This approach has the strength of readily showing trends with a few simple 
equations. The equations provide approximate forms of spherical and conicoidal lens that are 
flatter over a moderate myopic range than the forms obtained by rigorous raytracing. Lenses 
designed to correct peripheral refractive errors produce large errors when used with foveal 
vision and a rotating eye. Correcting astigmatism tends to give large errors in mean oblique 
error and vice versa. When relying on only spherical lens forms, correction of the relative 
hypermetropic peripheral refractions of myopic eyes which are observed experimentally27, or 
the provision of  relative myopic peripheral refractions in such eyes, seems to be not 
achievable in the majority of cases. 
This study is limited to the use of third-order theory. As already mentioned this does 
not give the same solutions as a finite raytrace, with the errors becoming larger as the 
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peripheral angle increases (Figure 3). Nevertheless, the third-order solutions provide a useful 
framework for showing how the oblique astigmatism and mean oblique error associated with 
peripheral vision are affected by the lens-design parameters of surface power and asphericity.  
The approach here compares the peripheral power errors with the peripheral refraction 
of the uncorrected eye. This is not quite the same as refracting from the eye to object space, 
which is analogous to measuring with a refracting instrument while subjects wear spectacle 
lenses. The equations for raytracing backwards through the lens are developed in the 
Appendix. The peripheral refractions obtained with the two methods are slightly different, a 
consequence of the slightly different ways in which the peripheral refractions are compared 
with the on-axis vergences: e.g. in the forwards raytracing it is assumed that the object lies on 
a curved surface, so that S = T = L. 
Limited work determining peripheral refraction using spectacle lenses and contact 
lenses has been presented previously10. This involved raytracing into myopic model eyes 
which were based on biometric data.  The trends in correction were the same as shown here 
for spectacle lenses. While the current study finds that it is not possible to correct relative 
peripheral hypermetropia for the majority of myopes by manipulating surface power, the 
previous study estimated that a 4 D myope could be corrected in the periphery with a +4 D 
base curve (approximately –8 D back surface power). The reason for this discrepancy is that 
the models used earlier underestimated peripheral relative hypermetropia in the eye, e.g. the 4 
D myope was assumed to have relative hypermetropia of only +0.1 D at 40 object angle, as 
compared with +0.7 D from applying equation (14a) at an equivalent image angle of 
approximately 35. Contrariwise, the earlier models overemphasized the magnitude of ocular 
peripheral J180. 
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The work here suggests that it might be worthwhile to correct power errors of the 
rotating eye out to some acceptable angle, after which the emphasis could be on correcting 
peripheral relative hypermetropia. While eye turns up to 45 are possible, most people prefer 
to limit eye turn to around 2029, although there are considerable variations between 
individuals. Often this will require lenses which are more sophisticated in design than 
conicoids, particularly for near-emmetropes and low myopes. These are  perhaps the main 
target groups of an “anti-myopia” lens treatment, for which manipulation of K2 and Q will 
have little effect on peripheral refraction.  
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APPENDIX. PERIPHERAL REFRACTIONS FOR A THIRD-ORDER BACKWARDS 
RAYTRACE THROUGH A THIN LENS 
The Coddington’s equations for oblique refraction at a surface are 
ఓᇲ
௦ᇲ െ
ఓ
௦ ൌ ሺߤԢܿ݋ݏܫᇱ െ  ߤԢܿ݋ݏܫሻܿ௦       (A1) 
ఓᇲ௖௢௦మIᇱ
௧ᇲ െ
ఓ௖௢௦మI
௧ᇲ ൌ ሺߤԢܿ݋ݏܫᇱ െ  ߤԢܿ݋ݏܫሻܿ௧      (A2) 
where s and s′ are the distances along the principal ray of the object and image sagittal foci 
relative to a surface, t and t′ are similar distances for the tangential foci,  and ′ are object 
and image relative indices of the surface, cs and ct are the sagittal and tangential curvatures of 
the surface at its intersection with the principal ray, and I and I′ are the angles of incidence 
and refraction of the principal ray at the surface. 
These equations can be applied to a lens of refractive index n in air. At the first 
surface  is replaced by 1 and ′ is replaced by n, and at the second surface  is replaced by n 
and ′ is replaced by 1. For sagittal refraction this gives  
௡
௦భᇱ െ
ଵ
௦భ ൌ ሺ݊ܿ݋ݏܫଵԢ െ  ܿ݋ݏܫଵሻܿଵ௦       (A3) 
ଵ
௦మᇱ െ
௡
௦మ ൌ ሺܿ݋ݏܫଶԢ െ  ݊ܿ݋ݏܫଶሻܿଶ௦       (A4) 
As the lens is thin, n/s1′ = n/s2. Adding equations (A3) and (A4) and rearranging gives 
ܵ ൌ ܵᇱ െ ሺ݊ܿ݋ݏܫଵᇱ െ  ܿ݋ݏܫଵሻܿଵ௦ െ ሺܿ݋ݏܫଶԢ െ  ݊ܿ݋ݏܫଶሻܿଶ௦    (A5) 
where S = 1/s1 and S′ =1/s2′ 
For tangential refraction, the equations for the first and second surfaces are 
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௡௖௢௦మூభᇱ
௧భᇱ െ
௖௢௦మூభ
௧భ ൌ ሺ݊ܿ݋ݏܫଵԢ െ  ܿ݋ݏܫଵሻܿଵ௧      (A6) 
௖௢௦మூమᇱ
௧మᇱ െ
௖௢௦మூమ
௧మ ൌ ሺ݊ܿ݋ݏܫଶԢ െ  ܿ݋ݏܫଶሻܿଶ௧      (A7) 
As the lens is thin, n/t1′ = n/t2. Multiplying equation (A6) by ܿ݋ݏଶܫଶ, multiplying equation 
(A7) by ܿ݋ݏଶܫଵԢ, adding the new equations and rearranging gives 
ܶ ൌ ܶԢ ௖௢௦మூభᇱ௖௢௦మூమᇱ௖௢௦మூభ௖௢௦మூమ െ
௖௢௦మூభᇱ
௖௢௦మூభ ቂ
௡௖௢௦ூభᇱି ௖௢௦ூభ
௖௢௦మூభᇱ ܿଵ௧ ൅
௖௢௦ூమᇱି ௡௖௢௦ூమ
௖௢௦మூమᇱ ܿଶ௧ቃ   (A8) 
where T = 1/t1 and T′ =1/t2′ 
Whitwell derived third-order formulae for the cosines of the angles as 
ܿ݋ݏܫଵ ൌ 1 െ ቆݕ
ଶ
2 ቇ ሺܨ െ ݊ܩሻ
ଶ 
ܿ݋ݏܫଵᇱ ൌ 1 െ ቆ ݕ
ଶ
2݊ଶቇ ሺܨ െ ݊ܩሻ
ଶ 
ܿ݋ݏܫଶ ൌ 1 െ ቆ ݕ
ଶ
2݊ଶቇܨ
ଶ 
ܿ݋ݏܫଶԢ ൌ 1 െ ቀ௬
మ
ଶ ቁ ܨଶ         (A9) 
where 
F = L2′ – c2 = [L2′ (n – 1) + K2]/(n – 1)      (A10) 
G = c1 – c2 = K/(n – 1)        (A11) 
for which K is the lens power, K2 is the back surface power and L2′ is the inverse of the 
distance of the back surface to the effective stop. Furthermore the sagittal and tangential 
surface curvatures can be approximated to  
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ܿଵ௦ ൌ ܿଵሺ1 ൅ ܳଵܿଵଶݕଶ/2ሻ,  ܿଶ௦ ൌ ܿଵሺ1 ൅ ܳଶܿଶଶݕଶ/2ሻ 
ܿଵ௧ ൌ ܿଵሺ1 ൅ 3ܳଵܿଵଶݕଶ/2ሻ,  ܿଶ௧ ൌ ܿଵሺ1 ൅ 3ܳଶܿଶଶݕଶ/2ሻ    (A12) 
Using the right hand expressions in equations (A9) to (A12), as substitutions for the 
left hand expressions in these equations, in equations (A5) and (A8), and ignoring terms in y 
greater than the second power, gives, eventually, 
 S = S′ – K + y2P′         (A13) 
T = T′ – K + y2M′         (A14) 
where  
ܲᇱ ൌ െ ௄௡ሺ௡ିଵሻమ ൜ܭଶଶ
ሺଶ௡ାଵሻ
ଶ ൅ ܭଶ
ି௄௡ሺ௡ାଶሻାଶ௅మᇲ൫௡మିଵ൯
ଶ ൅
ሾ௄௡ି௅మᇲሺ௡ିଵሻሿమ
ଶ ൠ െ
ொభሺ௄ି௄మሻయାொమ௄మయ
ଶሺ௡ିଵሻమ  
           (A15) 
and 
ܯᇱ ൌ ௄௡ሺ௡ିଵሻమ ൤െܭଶଶ
ሺସ௡ାହሻ
ଶ ൅ ܭଶ
௄௡ሺଶ௡ାଵሻሺ௡ାଶሻିଶ൫ଷ௅మᇲାଶ்ᇲ൯൫௡మିଵ൯
ଶ െ
௄మ௡మሺଶ௡ାଵሻ
ଶ ൅ ܭܮଶᇱ݊ሺ݊ െ
1ሻሺ2݊ ൅ 1ሻ ൅ ܭܶᇱ݊ሺ݊ଶ െ 1ሻ െ ௅మᇲ
మሺଶ௡ାଵሻሺ௡ିଵሻమ
ଶ െ 2ܮଶᇱܶԢሺ݊ െ 1ሻሺ݊ଶ െ 1ሻቃ െ
ଷൣொభሺ௄ି௄మሻయାொమ௄మయ൧
ଶሺ௡ିଵሻమ          (A16) 
In equations (A13) and (A14), S′ and T′ in the horizontal meridian are given by the peripheral 
refractions for the unaided eye such that  
S′ = K + M(K) – J180(K)        (A17) 
T′ = K + M(K) + J180(K)         (A18) 
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where spherical equivalent refraction M(K) and astigmatism J180(K) are functions of the on-
axis refraction K according to equations (13) and (14) or similar. As S′ and T′ are functions of 
y2 in these equations, T′ in equation (A16) can be replaced by the image vergence L′. Note 
that, disregarding the distance between the lens and the eye, L′ will match K. P′ in equation 
(A15) is the negative of P obtained in equation (2a), while equation (A16) is similar in 
appearance to equation (2b). Combining equations (A13) to (A18) with T′ in equation (A16) 
replaced by L′ gives 
ܵ ൌ ܯሺ௄ሻ െ  ܬଵ଼଴ሺ௄ሻ െ ݕଶ ௄௡ሺ௡ିଵሻమ ൜ܭଶଶ
ሺଶ௡ାଵሻ
ଶ ൅ ܭଶ
ି௄௡ሺ௡ାଶሻାଶ௅మᇲ൫௡మିଵ൯
ଶ ൅
ሾ௄௡ି௅మᇲሺ௡ିଵሻሿమ
ଶ ൠ െ
ݕଶ ொభሺ௄ି௄మሻయାொమ௄మయଶሺ௡ିଵሻమ           
(A19) 
ܶ ൌ ܯሺ௄ሻ ൅  ܬଵ଼଴ሺ௄ሻ ൅ ݕଶ ௄௡ሺ௡ିଵሻమ ൤െܭଶଶ
ሺସ௡ାହሻ
ଶ ൅ ܭଶ
௄௡ሺଶ௡ାଵሻሺ௡ାଶሻ/ଶିଶ൫ଷ௅మᇲାଶ௅ᇲ൯൫௡మିଵ൯
ଶ െ
௄మ௡మሺଶ௡ାଵሻ
ଶ ൅ ܭܮଶᇱ݊ሺ݊ െ 1ሻሺ2݊ ൅ 1ሻ ൅ ܭܮᇱ݊ሺ݊ଶ െ 1ሻ െ
௅మᇲమሺଶ௡ାଵሻሺ௡ିଵሻమ
ଶ െ 2ܮଶᇱܮԢሺ݊ െ
1ሻሺ݊ଶ െ 1ሻቃ െ ݕଶ ଷൣொభሺ௄ି௄మሻయାொమ௄మయ൧ଶሺ௡ିଵሻమ         
(A20) 
The peripheral refraction in terms of spherical equivalent M and astigmatism J180 is 
M = (S + T)/2         
J180 = (T – S)/2         (A22) 
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Figure captions 
Figure 1. Parameters used to obtain third-order solutions. Foveal vision with a rotating eye is 
shown on the left and peripheral vision with a stationary eye is shown on the right. The 
rotating eye has an image surface concentric with the center-of-rotation of the eye. The 
stationary eye is shown with an image surface concentric with the entrance pupil of the eye 
(see Effect Of Distance Between The Lens And Effective Stop On Power Errors), but this can 
be modified by considering the peripheral refraction of the eye (see Peripheral Refraction 
Solutions Including The Eye). T’ and S’ are the tangential and sagittal image positions, L is 
the object vergence, L’ is the on-axis image vergence, L2’ is the inverse of the distance 
between the lens and the effective stop.y is the height of the chief ray at the lens,  is the 
image angle of the chief ray, and z2 is the sag of the back surface. 
Figure 2. Third-order solutions of lenses free of oblique astigmatism and mean oblique error 
for the rotating eye, with the stop at the center-of-rotation (foveal vision, L2’ =+37.04 D) and 
the stationary eye, with the stop at the entrance pupil of the eye (peripheral vision, L2’ = 
+66.67 D). Object distance infinity, refractive index 1.5. The smaller ellipses with the solid 
lines correspond to the rotating eye and the larger ellipses with the dotted lines correspond to 
the stationary eye. Oblique astigmatism solution ellipses are shown with thick lines and mean 
oblique error solution ellipses are shown with thin lines. The top half of each ellipse forms 
the “Ostwalt” solutions, and the bottom half of each ellipse forms the “Wollaston” solutions. 
Figure 3. Ostwalt third-order theory solutions of lenses free of oblique astigmatism and mean 
oblique error for the stationary eye (peripheral vision). For comparison, accurate solutions are 
shown for stationary vision. Object distance infinity, refractive index 1.5. 
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Figure 4. Third-order power errors as a function of angle for a –4D lens with a back surface 
power of –14 D that eliminates oblique astigmatism in peripheral vision. Object distance 
infinity, refractive index 1.5. 
Figure 5. Third-order power errors as a function of angle for a –4D lens with a back surface 
power of –11.60 D and back surface asphericity Q2 of –12  that eliminates oblique 
astigmatism with peripheral vision. Object distance infinity, refractive index 1.5. 
Figure 6. Third-order solutions of lenses which correct the eye for relative spherical 
equivalent refraction and astigmatism for the stationary eye (peripheral vision, L2’ = +66.67 
D). Object distance infinity, refractive index 1.5. The eye’s crossed-cylinder astigmatism is 
described by J180(K) = –(0.000023K + 0.000977)’2 (equation 13a), where ’ is the peripheral 
angle in degrees. The eye’s spherical equivalent is described by M(K) = – (0.000124K + 
0.00027)’2, which is equation (14c). Object distance infinity, refractive index 1.5. The lens 
with a power of K = –4 D and a back surface power K2 = –6 D is shown, together with the 
effects on peripheral refractions of the combined lens and eye when K2 is altered. 
Figure 7. Peripheral refractions of –4 D lenses with back surface power –6 D combined with 
the eye.  The form with zero asphericity has negative J180 and positive M, the form with Q2 
+17 corrects J180 and has high positive M, and the form with Q2 –19 corrects M and has 
negative J180. 
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